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1. INTRODUCTION 
In this paper we consider continuous flows on arbitrary 2-manifolds 
(separable metric, but not necessarily compact nor orientable and possibly 
with boundary). Two such flows, (M, 4) and (M’, $‘), are (topologically) 
equivalent if there is a homeomorphism of M onto M’ which takes orbits 
of 4 onto orbits of +’ preserving sense (but not necessarily parametrization). 
The quotient space M/4, obtained by collapsing orbits of (M, 4) to points, 
is given a simple structure resulting in the orbit complex K(4) of the flow. 
We then have the following results: 
For the class of flows having isolated critical points and no limit separatrices, 
(M, 4) and (M’, c$‘) are equivalent if and only ;f K(4) and K(q) are isomorphic. 
For the class of flows on compact 2-manifolds having finitely many separatrikes, 
(M, +) and (M’, 4’) are equivalent if and only if K(4) and K(#) are isomorphic. 
Since structurally stable flows on compact 2-manifolds have only finitely 
many separatrices, the latter result generalizes Peixoto’s classification in [9] 
of structurally stable flows. Because we are studying a larger class of flows, 
our techniques are necessarily different; in particular our orbit complex is 
distinct from the distinguished graph of Peixoto. An earlier classification 
of continuous flows in terms of the associated orbit spaces (with additional 
structure) is given in [4], for the class of noncritical flows on the plane. 
Our method is essentially combinatorial. We study the decomposition 
of the manifold into canonical regions (in which the flow is parallel) by 
the separatrices of the flow. For noncritical flows without limit separatrices 
on orientable 2-manifolds, we completely determine the possible topological 
types of the closures of canonical regions (Sections 2-4). For two such flows 
with isomorphic complexes we can then construct an equivalence between 
the flows by patching together equivalences on closed canonical regions. 
We apply this in Section 5 to prove the classification theorem for orientable 
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2-manifolds, and extend it to include the nonorientable case in Section 6. 
The additional complication that arises when limit separatrices are permitted 
is dealt with in Section 7. 
In the final section applications of our methods are given. We first show 
that a continuous flow on a C” 2-manifold iV with isolated critical points 
and no limit separatrices is equivalent to a Cm flow on M. Further, we obtain 
easy proofs of two well-known theorems for flows on compact 2-manifolds. 
The first is the generalization of El’sgol’c of the Morse Inequalities (cf. 
[l ; 3, pp. 138-1481); our proof is considerably simpler than these earlier 
ones. The second is the PoincarC Index Theorem for closed 2-manifolds [2]. 
2. SEPARATRICES AND CANONICAL REGIONS 
Let 4 be a continuous flow on the 2-manifold M. We call (M, +) parallel 
if it is equivalent to one of the following: 
1. lRswithflowdefinedby* = 1,j =O; 
2. R2 - {0} with flow defined (in polar coordinates) by i = 0, 4 = 1; 
3. R2 - {0} with Aow defined by f = r, d = 0; 
4. S1 x 9 with ‘rational’ flow (e.g., the flow induced by (1) above 
under the usual covering map; note in particular that all rational 
flows on the torus are equivalent). 
We distinguish these as strip, annular, spiral, and toral respectively. 
Denote the orbit (& semiorbit) of x EM by y(x) (r*(x)) and let 
O(X) = cl(y-(x)) - y-(x) w(x) = cl(y+(x)) - y+(x) (cl denotes closure). 
We say that y(x) is a separatrix of $J (cf. [6]) if y(x) is not contained in a 
parallel neighborhood N satisfying both 
1. for any y E N, a(y) = a(x) and w(y) = W(X), and 
2. cl(N) - N consists of 01(x), w(x) and exactly two orbits r(a), r(b) 
of 4, with a(a) = al(b) = a(x) and w(a) = w(b) = W(X). 
Let ,Z denote the union of all separatrices of 4; C is a closed invariant subset 
of M. A component of the complement, with the restricted flow, is called 
a canonical region of 4. A separatrix y(x) is a limit separatrix if x is not a 
critical point and y(x) C cl(Z - y(x)). The following lemma is proved in [8]. 
LEMMA 1. Any canonical region of (M, 4) is parallel. 
It follows from the lemma that any canonical region admits a complete 
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section, which is an open arc in the case of strip or annular regions and a 
simple closed curve otherwise. If R is a strip or annular canonical region 
with section S and x E S, then y(x) divides R into two half canonical regions, 
R+ and R-, both taken to contain y(x). Similarly, if R is a spiral region with 
section C, then C divides R into the half regions R+ = CIO, co) and R- = 
C(-co, 01. 
If Rf (A-) is a half canonical region we will denote cl(R+) - R+ (cl(R-) - R-) 
by 6R+ (SR- respectively). Note that SR+ is not the entire boundary of Rf 
and may be empty. In case (M, 4) has no limit separatrices any noncritical 
point of 6R+ (or 6R-) is accessibze from R+ (R-) as the endpoint of a (closed 
arc) local section of + which otherwise lies in Rf (R-). If M is orientable, 
the noncritical separatrices of 6R+ (or 6R-) can then be ordered in a natural 
way by the flow: If R is a strip region and p, q E SR+ are noncritical points, 
then we define Y(P) < y(q) iff 
1. r(P) + y(q) and 
2. given disjoint sections S, T of (b, terminating at p, q respectively, 
and an orbit of R+ which meets both S and T, we have S met before 
T. 
It is not difficult to check that, since M is orientable, the noncritical se- 
paratrices of 6Rf are linearly ordered by this relation. If R is annular or 
spiral we may do essentially the same thing if we first distinguish some 
separatrix of 6R+ as initial in the ordering. 
3. MODELS OF FLOW WITH ONE CANONICAL REGION 
We next describe a collection of topological types of noncritical flows 
with a single canonical region. In the following section we show that, for 
any noncritical flow on a a-manifold, the closure of any half canonical region, 
with the restricted flow, is equivalent to one of these types. 
3a. Strip regions. Let S be the closed vertical strip in [wa bounded by 
the lines L, : {x = 0} and L, : {x = 1). Let J be an open subset of L, whose 
complement P = L, - J is empty, all of L, or totally disconnected. Choose 
a Cm function u: S -+ [0, l] which is 1 exactly on L, and 0 exactly on P. 
Let S := S - P. Then the vector field 7: S + [w2 defined by 
VP) = (09 u(P)) 
is Cm. The resulting flow (S, +) h as one (strip) canonical region; each boundary 
component of S is a separatrix. Let {Ji}ifr b e an indexing of the components 
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of / (I is empty, finite, or countable) and w denote the total order on {JJiEl 
induced by the flow. We refer to (s, 4) as a model half-strip region of type W. 
3b. Annular regions. Let A4 denote the closed annulus in w” bounded 
by the circles C,: {r = 1) and C, : {Y = 2). Let J be an open subset of C, , 
possibly empty or all of Ca , but otherwise whose complement P =~ C, - J 
is totally disconnected. Choose a CK function U: A - [0, 1] which is 0 
exactly on P and 1 exactly on C, . The differential system ,-1’ = _J - P 
defined (in polar coordinates) by 
induces a C” flow Z,!J on A’. (A, 4) h as a single annular canonical region. Let w 
denote the total order on the set {Ji}iG, of separatrices in C, induced by 4 
after fixing some initial Ji . Since the choice of the initial Ji is arbitrary, we 
regard w as equivalent to any ordering obtained by a different choice of 
initial separatrix, and refer to the resulting class of equivalent orderings as 
the cyclic order type wc . (A, $) is called a model half annular region of t-vpe wc . 
(We note that there are two cases in which I is a singleton and that I may 
be empty; we intend that the order notion distinguish these cases.) 
3~. Spiral regions. Let A again denote the annulus of (3b). Let J-, J+ 
be open subsets of C, , C’s respectively, P- = C, - J- and P- = C, - J+. 
We assume that P* is empty, all of Ci , or totally disconnected. There are 
two types of flow (A, #) on A = A - (P- U P+) with a single spiral canonical 
region: (A, $) is orientable if the orientations induced on J* by # agree with 
those induced by some orientation of A’ (cf. Figure l), and nonorientable 
otherwise (if J+ or J- is empty then there will be only one type). We define 
representatives of both types. 
Nonorientable spiral. Let U: A -+ [0, l] be a Cat function which is 0 
exactly on P- u P+ and the (closed) neighborhood {(Y, 0): 3/2 - E < 
Y < 3/2 + 6) (0 < E < l/4) of the centerline C: {Y = 3/2) of A. Let v: 
[I, 21 --f [0, l] be the Cm function 
(exp l/(x - 1)(x - 21, v(y) = lo, 
x # 1,2 
x = 1,2. 
The differential system defined on A by 
i.(Y, e> = V(Y) B(Y, l9) = U(Y, S) 
defines a Cot flow (A, &J. If wc-, wc+ denote the cyclic order types on the 
components { Ji-}ie,- of J- and { Ji+jiEI+ of J+ respectively, induced by h , 
we refer to (A, $3 as a model nonorientable spiral of type (wc-, o++). 
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Orientable spiral. With u and v as above define u’: A -+ [0, I] by 
\-u(r, q, 
“(“, ‘) = (u(r, e), 
r E [I, 3/21, 
r E [3/2, 21. 
The differential equations 
f(r, 0) = v(t) B(r, 0) = u’(r, 0) 
define a Cm flow I/+, on A (see Fig. 1). If wc- and OJ~+ are the associated 
cyclic order types, (A, I,&) is a model orientable spiral of type (wc-, wc+). 
(Again, we intend that the cases in which one or the other boundary of A 
contains a single line or simple closed curve separatrix of A, or no separatrix, 
are distinguished by the order notion.) 
FIGURE 1 
,4. CLOSURES OF CANONICAL REGIONS 
In the present section M denotes an orientable 2-manifold and 4 denotes 
a continuous flow on M, which has isolated critical points and no limit 
separatrices. It will be convenient to pass to the submanifold @ obtained 
by deleting the critical points of M, with the restricted flow, which we also 
denote by 4. The constructions below refer to (a, 4). The object of this 
section is to prove that the closure (in M) of any half canonical region of 4, 
with the restricted flow, is equivalent to one of the standard types described 
in Section 3. 
4a. Str$ regions. Let R be a strip canonical region of (a, +), r E R, 
and R-, R+ the half-strip regions bounded by y(r). Let w be the total order 
induced on the separatrices {Hi}i.r of 6Rf by the flow. Let (s, #) be a model 
half-strip of type w; viz, the separatrices Ji on L, are indexed by I and the 
order on {Ji}iG, induced by 4 corresponds to w under the identification 
Ji t+ Hi . Then we have: 
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LEMMA 2. There is an equivalence h: (s, X/J) + (W+, 4). Moreover, h ma-y 
be chosen to extend any order preserving equivalence of (as, 4) z&h (FR+, 4). 
Proof. It is clear that there is an order preserving equivalence of (a,!$, #) 
onto (aR+, 4); let h denote such an equivalence. Let (d,},>O be a countable 
dense subset of Uicl Ji and let d,’ = hd, . Let A, be a horizontal arc (section 
of 4) in s from pa E&, to d, and let A,’ be a section of + in cl(R+) from 
ps’ = hp, to d,‘. Extend h to take A,, onto A,,‘. Construct disjoint sections 
(A,}n>o to 4 satisfying (see Fig. 2): 
1. A, terminates at d,, ; 
2. If A, has initial point on y(p,) (pn E A,,), then {pn} converges 
monotonically to d, ; 
3. diam(A,) -+ 0. 
Similarly construct disjoint sections {A,‘},>a to 4, where A,’ terminates at d,’ 
and originates on y(hp,), and such that diam(A,‘) tends to 0 (cf. Fig. 2). 
Then the sections A, and orbits y(p,) partition S - L, into a locally finite 
collection of 2-cells (those at the ‘ends’ of S missing a subarc of their bound- 
aries), which ‘converges’ at L, . The A,’ and y(hp,) provide an isomorphic 
subdivision of Rf. Hence there is an extension of h to an equivalence of 
(s, #) onto (CI(R+), 4) defined by taking cells of one subdivision onto the 
corresponding cells of the other. Continuity of the extension at points of J 
is easily checked (cf. [8, Sect. 31). 
FIGURE 2 
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4b. Annular regions. Let R now be an annular canonical region of 
(A?, +), r E R; y(r) separates R into the half-annular regions R- and R+. 
wc denotes the cyclic order type induced on the separatrices {Hijipr of 
k+ by 4, and (A, $) is a model half-annular region of type wc, then we 
may prove as in 4a: 
LEMMA 3. There is an equivalence h: (A, 4) -+ (cl(R+), $). Moreover, h 
may be taken to extend a given order preserving equivalence of (aA, $) with 
(aR+, 4). 
4c. Spiral regions. Finally, let R be a spiral canonical region. Let C’ be 
a simple closed curve section of $ in R, Rf = C’[O, co) and R- = C’( - 00,0]. 
Let We- (wc+) be the cyclic order type of the separatrices in 6R- (6R+). 
Let (A, 4) be a model spiral, orientable or not as R is, and of type (wc-, wc+). 
Then we have as above: 
LEMMA 4. There is a map h of A onto cl(R) which takes orbits of # onto 
orbits of 4 preserving sense, and which is a homeomorphism of cl(C[O, co)) = 
{(Y, 0): 3/2 < r < 2) (cl(C(-co, 01)) onto cl(R+) (cl(R-)). Moreover, h may 
be taken to extend any such map of aA onto aR. 
5. CLASSIFICATION THEOREM, ORIENTABLE CASE 
Again we let 4 denote a continuous flow on the orientable 2-manifold M 
with isolated critical points and no limit separatrices; @ denotes the comple- 
ment in M of the critical points. The object of the present section is to 
classify such flows in terms of a reasonably simple structure. A natural 
candidate is the orbit space M/4 obtained by collapsing orbits of 4 to points 
(with the usual quotient topology). Simple examples show, however, that the 
topological type of M/d does not completely distinguish (M, 4). Thus we 
add the following elements of structure to M/C. The resulting orbit complex 
is denoted by K(d). 
5a. Cell structure. Let rr: M -+ M/4 denote the natural projection. The 
image of each canonical region R of + is to be a l-cell of K(4). This will be 
an open arc in case R is strip or annular and a simple closed curve in case R 
is radial or toral. We distinguish these as open and closed l-cells respectively. 
The image of each separatrix of 4 is to be a O-cell of K(4). 
5b. Fiber type. Each i-cell of K(b) is to be distinguished as a line, circle 
or point i-cell according to the topological type of the fiber over a point of 
that cell. 
.9X/22/1-7 
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5. Order structure. First, on the O-cells of K(4) corresponding to 
noncritical point separatrices in the boundary of each half canonical region 
of 4, we impose the ordering which corresponds (under V) to the natural 
ordering of the separatrices induced by the flow. Secondly, we extend this 
to point O-cells as follows: suppose $ =: np is a point O-cell and 4; = “r(q) 
is a line O-cell; we specify 
PC!7 iff pe 441, 
P>S iff PE4); 
otherwise p and 4 are not related. Finally, let C = x(R) be a closed l-cell 
of K($) which is the image of the spiral region R, let C be a simple closed 
curve section of R and c E C; for each p E 6R we specify 
ji<C iff p E a(c), 
p>i’ iff p E W(C). 
5d. Orientability of spirals. A closed l-cell of K(4) corresponding to 
the spiral canonical region R is distinguished as orientable or nonorientable 
as R is orientable or not. 
Remark. As we prove below, this structure on K(4) is sufficient to 
characterize both M and 4. However, in a particular case, one or more 
of these elements of structure may be redundant. For example, if J is a 
l-cell of K(4) corresponding to any half canonical region with at least two 
noncritical separatrices in its boundary, it is unnecessary to specify the fiber 
type of J, since this information is contained in the ordering imposed on the 
points of cl( J) - J. On the other hand, it is not difficult to construct examples 
in which each of the above elements is essential. 
EXAMPLES. We give several examples to help clarify the structure of K(4). 
(i) In [9, p. 3921 Peixoto gives examples of two inequivalent flows 
on S2 that have the same “graph.” It is not difficult to check that these 
flows are distinguished by the topology alone on their respective orbit spaces. 
(ii) Let M be the plane and let 4r and Cz denote the flows with phase 
portraits illustrated in Fig. 3. The corresponding orbit complexes are illus- 
trated below; the ordering of the O-cells corresponding to separatrices in the 
boundary of each canonical region is indicated by the subscripts. Note that 
it is only this ordering which distinguishes these two flows. 
(iii) Let (Mr , +r) be the radial parallel flow and (Mz, +a) the toral 
parallel flow, defined in Section 2. In either case M&Z& consists of a single 
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FIGURE 3 
closed l-cell, a line l-cell in the first case and a circle l-cell in the second. 
Thus the fiber type distinguishes these two flows. 
(iv) Let (MI , A> and WA , A) b e model spiral flows, with (n/jr, , 4,) 
orientable and (Ma, $J nonorientable (cf. Section 3). In either case assume 
that both boundary components are periodic orbits. Each complex consists 
of a single closed l-cell and a pair of O-cells, with the l-cell in the closure 
of either O-cell. The orientation data is all that distinguishes these flows. 
We say that two orbit complexes, say K(+,) and K(&), are isomorphic, if there 
is a homeomorphism k: K($,) - K(&) which maps cells of K(+,) onto cells 
of K(&), preserving fiber type and orientability (or nonorientability) of cells, 
and which preserves the order structure. 
THEOREM 1. Suppose +,$’ are continuous flows on the orientable 2-manifolds 
M, M’ respectively, with isolated critical points and no limit separatrices. Then 
~,4 and c$’ are equivalent z$f K($) and K(+‘) are isomorphic. 
Proof. Let k: K(4) + K(+‘) be any isomorphism. Let X denote the 
union of the noncritical separatrices of + in M, and X’ be the corresponding 
set in 111’. We first lift k to an equivalence 
4? : (X, $4) - (X’, 4’). 
By our assumption on limit separatrices, X (xl) is a union of a discrete 
collection of lines and simple closed curves, and hence there is no difficulty 
with continuity. 
We next extend to an equivalence k, of (a, 4) with (A?,’ $‘), by extending 
R, over each canonical region. That this is possible follows from the lemmas 
of Section 4 and our assumptions on k (It may happen that X and X’ are 
both empty; in this case (A?, 4) and (j%?‘, 4’) each consist of a single canonical 
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region and we see directly that k, exists. This is the only case in which a 
toral region can occur.) 
It is then not difficult to show that k, extends to an equivalence k: (M, 4) + 
(M’, 4’) by defining kp = T’-%rp, f or each critical point p of (M, 4). 
6. CLASSIFICATION THEOREM: NONORIENTABLE CASE 
We now assume that M is a nonorientable 2-manifold and that 4 is a con- 
tinuous flow on M with isolated critical points and without limit separatrices. 
The characterization of closures of half-canonical regions given in Section 3 
is no longer valid. In fact, if we begin with a model half-strip region and 
identify in pairs (via orientation preserving homeomorphisms) the separatrices 
in its boundary, we obtain such a flow (the pairing is completely arbitrary). 
Thus, in the nonorientable case, the closure of a half-strip region needn’t 
be an embedded model region. Similar remarks apply to the other types of 
canonical regions. An example is illustrated in Fig. 4. 
The 2-manifold obtained is homeomorphic to a “punctured” Klein bottle; 
the corresponding flow has a single strip canonical region with two se- 
paratrices (bold lines) in its boundary. 
As in the orientable case, we want to completely describe (M, 4) by 
means of the orbit space M/4 endowed with suitable additional structure. 
Rather than define this structure directly we take the simpler course of 
reducing the definition to the orientable case as follows. Let il? be the 
orientable 2-fold covering space of M, and let 6 denote the lifting of 4 to I@. 
It is clear that C$ has isolated critical points and no limit separatrices. Note 
that the topological equivalence class of (A, c$) is uniquely determined by 
that of (M, 4). The orbit complex K(4) of (M, 4) is then defined to be the 
FIGURE 4 
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quotient space Ml+, together with the structure imposed on M/4 by the 
following definition of isomorphism: K(4) and K($‘) are isomorphic if there 
is a homeomorphism h: M/+ + AZ’/+’ and an isomorphism &: K(J) + K(g) 
so that ~‘6 = hp, where p, p’ are induced by the covering maps ii?-+ M, 
A’ -+ M’ respectively. 
THEOREM 1. Suppose 4, +’ are continuous flows on the 2-manifold M, M’ 
respectively, w&h isolated critical points and no limit separatrices. Then 4 and 4’ 
are equivalent if and only if K(4) and K($‘) are isomorphic. 
Proof. We may assume that M and M’ are nonorientable. Suppose 
(h, f;) is an isomorphism of K(+) with K(f) as defined above. Let 7, T’ 
denote the covering transformations defined on A?, A?: respectively. By 
Theorem 1’ there is a topological equivalence k: A??-+ A?’ of 4 with $‘. 
By the proof of Theorem 1’ and our assumption that h covers h, we may 
assume that, for any separatrix S of 4, k-(S) = 7’k(S). We want to adjust k 
to an equivalence 1 of 4 with 4 so that 1 satisfies 1~ = ~‘1; then 1 will project 
to the desired equivalence of 4 with 4’. 
We first define 1 on the separatrices of 4: if two separatrices are paired by 7, 
say S, =: T(4), we define 1 to be k on S, and T’kT on S, ; if S is a separatrix 
which is r-invariant (so S is a periodic orbit), let 1 be any orientation preserving 
homeomorphism of S onto k(S) which satisfies 1~ = ~‘1. 
We now wish to extend 1 to each of the canonical regions of 6. If R is a 
strip canonical region, note that R n TR = o (otherwise TR = R, and 
7 lR is a fixed point free involution of R g lR2, which is impossible). Let S 
be an orbit of 4 in R and define 1 to be k on S and T’kT on T(S) as above. Then 
1 is an order preserving equivalence of the boundary of the half canonical 
region R+ (R-) onto the boundary of k(R+) (k(R-)); by Lemma 2,l extends to 
an equivalence of R+ (R-) onto k(R+) (k(R-)). Finally define 1 on T(R) by 
T’kT. 
If R is a spiral canonical region then again R n Q-R = 0’. For suppose R 
is T-invariant. Let S be an orbit of R; S and T(S) separate R into a pair of 
2-cells which are interchanged by 7. If T denotes a closed arc section of 4 
which spans one of these 2-cells, then T U T(T) is a T-invariant simple 
closed curve which is a section of 4. Let J denote the image of T under the 
covering map p: I@ -+ M; then J is a simple closed curve which is transverse 
to 4 and hence orientation preserving. But this implies that the homotopy 
class of J lies in p*ri(A?), while by construction J lifts to T. We may now 
apply Lemma 4 to extend 1 to an equivalence of R onto k(R), and then define 
I to be 7’kT on T(R). 
Finally suppose that R is an annular canonical region. If T(R) is disjoint 
from R we may extend 1 as in the case of strip regions, using Lemma 3 in 
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place of Lemma 2. It may happen, however, that R is T-invariant. In this 
case 7 induces an involution 7 on the orbit space R/B= (0, 1); 7 necessarily 
has a unique fixed point and interchanges the complementary intervals (the 
possibility ? = 1 is excluded since then R would double cover an annulus 
in M). Thus there is a unique T-invariant periodic orbit S in R. S separates R 
into two half-annular regions which are interchanged by 7. We first extend 1 
to S, and then to these half-annular regions, as above. 
7. FLOWS WITH LIMIT SEPARATRICES 
In this section we study the class of continuous flows on closed 2-manifolds 
having finitely many separatrices. Thus limit separatrices are permitted. 
All structurally stable flows are included in this class. A canonical region 
for a flow in this class may have boundary points which are not accessible 
(see Section 2). Such points will be called inaccessible or in the inaccessible 
boundary. 
Remark. If the w-limit set (a-limit set) of a separatrix is not a critical point 
it is either a periodic orbit or a connected set consisting of a finite union of 
line orbits and critical points. Since the hypothesis of finitely many 
separatrices implies there are no nontrivial P+ stable or P- stable orbits it 
follows from Theorem 6.2 of [IO] that W- and a-limit sets of line limit 
separatrices are single points. 
LEMMA 5. Suppose x is not a critical point and x is in w(y) (a(y)) where 
y(y) is a separutrix. Then y(y) is the lust (first) separatrix in the (accessible) 
boundary of some strip half-canonical region. 
Proof. Choose a local section T through x; r(y) crosses T infinitely 
often. At most countably many points of T lie on separatrices and by the 
preceding remark each intersection of y(y) with T is an endpoint of a com- 
plementary interval of this set. Thus y(y) is in the accessible boundary of 
a canonical region R whose boundary also contains x. The region R cannot 
be spiral since then if C were a simple closed curve section of R each interval 
between adjacent crossings of y(y) with T would have to intersect C and we 
would have x in cl(C), a contradiction. Also, R cannot be annular since then x 
would be in the orbit closure of any orbit of R, again a contradiction. Thus R 
is a strip region and it is easy to see that y(y) is the last (first) separatrix in 
a half-canonical region of R if x is in w(y) (W,(Y)). 
Remark. Let G be the cy- or w-limit set of a separatrix y(x). By the remark 
preceding Lemma 5, G is a finite graph composed of limit separatrices of 4. 
By standard techniques of PL-topology G may be assumed to be a polyhedron 
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in some given PL-structure on M. Any neighborhood in M of G contains 
a regular neighborhood U [l 11, and it follows from Corollary 2 of Theorem 8 
of [l I] that each component of 77 - G is a half-open annulus. These facts are 
included in the next lemma. 
LEMMA 6. Let y(x) be a separatrix of (M, 4) whose w-limit set (OY ol-limit 
set), G, consists of more than one point. Then: 
(i) G has a closed neighborhood U such that each component of U - G 
is a half-open annulus. 
(ii) U - G contains no critical points or periodic orbits. 
(iii) Each boundary component of U - G is a simple closed curve section 
of6 
(iv) If R is a canonical region having y(x) in its boundary and C is a 
section of R then there is some real number T such that C[T, 00) is contained 
in a component of U - G (or C( - co, T) ;f G is an a-limit set). 
Proof. Since any neighborhood of G contains a regular neighborhood, we 
may choose U small enough to satisfy both (i) and (ii). To satisfy (iii) choose 
a local section 01 with one endpoint in G and the remainder contained in a 
component of U - G. Assume that x is in the interior of 01 and that xt, is 
the first return of x to 0~. We may choose a small closed interval /3 in LY. centered 
at x on which the first return map of (Y is defined and such that the image 
interval 6 is disjoint from /?. We can then choose a simple closed curve section 
which lies in the band generated by fi plus the segment of 01 between adjacent 
endpoints of /3 and 6. 
This simple closed curve section is not contractible in the original annulus 
since there are no critical points in it, hence the curve may be taken as the 
boundary of a component of U - G. Finally (iv) follows from the fact the 
boundaries of our annuli are sections. 
It follows from this lemma that on the closure of a component of U - G 
the flow is equivalent to a half-spiral canonical region (the cl(R+) or cl(R-) 
of 4~). Further, we can always choose the equivalence so as to map a given 
finite cyclically ordered set on-the boundary section onto a corresponding 
set of the boundary section of the image preserving the order. The application 
of this is to points corresponding to intersections of separatrices with the 
sections forming the boundary component of U - G. 
The complex K($) of the flow is as previously defined with one slight 
addition. If G is a nontrivial limit set of a separatrix y(x) then G is either a 
periodic orbit or else G contains line orbits. In the latter case these line 
orbits are cyclically ordered by the flow as in the case of spiral canonical 
regions. Note that points of K(4) corresponding to limit separatrices are 
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distinguished by fiber type and the topology of K(4): they are just those line 
and circle O-cells that are not closed in the subset of O-cells of K(4). 
Now observe that if G is the w-limit set of a separatrix in the boundary 
of a strip region R then R is truncated by a section (a boundary component 
of U - G, where U is a regular neighborhood of G as in Lemma 6) which 
connects the last separatrices of cl(R+) and cl(R-). R may or may not be 
truncated at the other end. In either case we will refer to the part of cl(R) 
isolated from limit separatrices by sections as a truncated strip region. 
THEOREM 2’. Suppose 4, 4 are continuous Jaws on the compact orientable 
2-manifolds AI, M’ respectively with Jinitely many separatrices. Then 4 and I$’ 
are equivalent if and only ;f K(q3) and K($‘) are isomorphic. 
Proof. Let 6: K(4) + K(+‘) b e an isomorphism. If there are no limit 
separatrices then we have the equivalence by Theorem 1’. So let X denote 
the union of the limit separatrices of 4 in M and X’ the corresponding set 
in M’. Lift R to an equivalence k, : (X, I$) ---f (x’, 6). Since X is a union of a 
discrete collection of lines and simple closed curves, there is no difficulty 
with continuity. Now for each component G of X choose a regular neigh- 
borhood U as in Lemma 6. Likewise choose such a neighborhood U’ for the 
corresponding set G’ in M’. Each annulus of U - G which contains a 
separatrix semiorbit having (a part of) G in its limit set may be mapped by an 
equivalence onto a corresponding annulus of U’ - G’. We may choose the 
equivalence so that the separatrix semiorbits go onto separatrix semiorbits. 
Letting V (V’) be the union of these regular neighborhoods in M (M’) 
we have extended K, to an equivalence K, : V- V’. The remainder of M 
is decomposed into a union of closed canonical regions and truncated strip 
regions. As in Theorem 7’ we may extend K, to an equivalence K: (M, 4) -+ 
(M’, +‘) by first extending over canonical regions and finally over the set of 
critical points. 
For flows on nonorientable compact manifolds we define the complex 
and isomorphism of complexes as in Section 6. We then have the more 
general theorem: 
THEOREM 2. Suppose 4 and 4’ are continuous flows on the 2-manifolds 
M and M’ respectively haGag finitely many separatrices. Then + and 4’ are 
equivalent z# K(4) and K(q5’) are isomorphic. 
Proof. The technique used to prove this theorem is similar to that used 
in proving Theorems 1 and 2’ and hence we will not give the proof. 
CONTINUOUS FLOWS ON Z-MANIFOLDS 103 
8. APPLICATIONS 
THEOREM 3. Suppose 4 is a continuourflow on the Cm orientable 2-manifold 
M, with isolated critical points and no limit separatrices. Then + is equivalent 
toaCOCfEow+‘onM. 
Remark. This theorem does not hold with ‘analytic’ in place of YY; this 
follows, for example, from Lefschetz’ classification of singularities for analytic 
systems [4, Chap. X]. 
Proof. The first step of the proof is to construct a Cm 2-manifold w 
homeomorphic with i@, and a Cffi flow # on N, such that (N, I,!J) is equivalent 
to (A?, +). We construct N as the quotient of a disjoint collection of model 
(half) canonical regions obtained by identifying appropriate pairs of se- 
paratrices. Let {Ri} be an enumeration of the strip or annular canonical 
regions of (a, +), (Q} the spiral canonical regions (we may assume that 
(M, $) is not a toral region, since such a flow is clearly equivalent to a Cm 
one). For each i, let (&+, &+), (S’-, &-) b e model half strip or half annular 
canonical regions equivalent to (cl(Ri+), $), (cl(Ri-), 4)) respectively (here 
the cl denotes closure in #). Similarly, for each j, let (Tj , &) be a model 
spiral which maps onto (cl(Qj), 4) as in Lemma 4. Let X denote the disjoint 
union of Si* and Tj , and let k(4) = V(R) C K(4). There is a natural 
projection 8: X-+ K(d). Certain points (O-cells and midpoints, say, of 
open l-cells) of K(4) correspond to pairs of separatrices in X. If we use the 
flow to identify these pairs of separatrices we obtain a 2-manifold N and 
flow 4, for which K(#) is just K(+). By Theorem 1 (N, I/J) is equivalent to 
(a, $). We show that we can perform the identifications in such a way that 
m and 4 are Cm. 
We first consider the case in which two line separatrices, say L in aSi+ 
(or aTj) and L’ in &Sk* (or aT,), are to be identified (Note that L andL’ may 
be in the boundary of the same model region). To simplify the notation, 
let (B, 4)) (B’, $‘) denote the model (half) region containing&L’ respectively. 
We define a single chart containing the image of L u L’ as follows: Let 
s: (-E, 0] -+ B (s’: [0, E) --f B’) be a C” section with s(O) EL (s’(0) ELI) and 
s(-•E, 0) C B (~‘(0, l) c B’). There is a neighborhood 
N = {(x, t)l x E c--B, 01, I t I < 4(x)) 
(where 4: (-E, 0] -+ (0, co] is continuous and q(O) = co) of the vertical 
axis in the left half plane, such that the map g: N-t B given by 
d% t) = VW49 t) 
is a P-embedding. Similarly let N’ be a neighborhood of the vertical axis 
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S’ 
1 
FIGURE 5 
in the right half plane for which g’: N’ --f B', given by g’(x, t) = #‘(s’(x), t), 
is an embedding. Let f: L -+ L' denote the diffeomorphism g’ 0 g-l IL . 
Then g u g’ defines a chart on the quotient manifold 
Bu,B' 
which is Cm related to the given charts in B or B'. The flows I+G and 4’ define 
a flow on B U, B' in the obvious way, which is C” in the resulting structure. 
It remains to consider the case in which two periodic orbits are to be 
identified, say C _C A and C’ C A’. There are several possibilities, depending 
on the nature of the model regions (A, #) and (A’, (CI’). Suppose, for example, 
that the image of C u C’ is a stable limit cycle. Then (A, #) and (A’, 4’) 
are both spirals, and C and C’ are both C, (cf. Section 3b). We may assume 
that the standard spirals (A, #) and (A’, 4’) are defined by a differential 
system 1: = u, 6 = v (cf. Section 3) in which ~(r, 19) = 1 on the neighborhood 
((r, 0): 2 - E < r < 2) of C, , for some E > 0. 
Let d: {(r, 0): 1 < t ,< 2) + ((r, 0) 1 2 < Y < 3) be the diffeomorphism 
d(r, 8) = (4 - r, 0) 
and let i: C ---f C’ denote the identity map. Then the embedding 
e:((r,8)12--<r<2+E}3AuiA’ 
given by 
1 
k-9 4
e(r, 0) = d-l@, #g) 
2--E<r<2 
2<r<2+c 
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defines a coordinate chart covering the image of C u C’ in A vi A’, which 
is C’” related to the given structures on A or A’, and in which the flow 
induced by I/ and $’ is Cm. The remaining possibilities may be treated 
similarly. 
We now define N, to be the quotient of X obtained by identifying all 
pairs of separatrices lying over single points of a($) as indicated, and 4 to 
be the flow naturally induced on 6? by the flows on the individual model 
regions. We take an atlas for m to consists of the charts constructed above 
at the identified separatrices, and the given charts (in X) at the remaining 
points. Then fi is Cw and so is $I. 
Now let K: (N, 4) -+ (&‘, 4) be an equivalence. This induces a differentiable 
structure on @ with respect to which (b is Cm. According to [7] there is a 
diffeomorphism, h say, of fi with this structure onto &r with its original 
structure; moreover h may be chosen within any given (continuous) E: 
a + (0, co) of the identity. Let 4” denote the Ca. flow induced on & by $ 
under h. We extend 4” to a Ca flow 4’ on M as follows: first multiply the 
vector field 6 = (d/dt)+“: &.! + Til? by a Cm functionf: M---f (0, 1) such that 
f(“)(p) = 0 for each K 2 0 and each critical point p of 4; ffi then extends to 
a C* vector field on M, with induced flow 4’. Since h extends to a home- 
omorphism h’ of M by h’p = p for each critical point p of 4, we see that h’ 
is an equivalence of (M, 4) with (M, 4’). 
As further applications of our techniques we give simple proofs of two 
well known theorems for flows on compact 2-manifolds. The first is the 
generalization by El’sgol’c [l] of the Morse inequalities for 2-manifolds. 
Another proof, by Haas, appears in [3, pp. 138-1481. In the statement, 
simple critical point means stable, unstable or hyperbolic (cf. [3]); Q($), 
~~(4) and ~a(+) denote the numbers of unstable, hyperbolic and stable critical 
points, respectively, of the continuous flow 4; and p<(M) (i = 0, 1, 2) denotes 
the ith Betti number of the closed 2-manifold M. 
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THEOREM 4 (El’sgol’c). Let + be a continuousjow on the closed 2-manifold 
M, which has only simple critical points and discrete nonwandering set. Then 
A(M) < I i = 0, 1, 2. 
Remark. According to our initial convention Af is connected here, but 
the corresponding theorem for not necessarily connected manifolds obviously 
follows from this. 
Proof. First assume M is orientable. The hypothesis implies that there 
are at most finitely many critical points all of simple type, hence at most 
finitely many separatrices; and that there are no periodic orbits, hence no 
annular or toral regions. Also, a spiral region cannot have nondegenerate 
separatrices in its boundary, so if a spiral region occurs, it fills the complement 
of a pair of rest points in the 2-sphere, and in this case the theorem is true. 
Thus we may assume that M is decomposed by the separatrices into n strip 
regions (there must be separatrices by Lemma 2). It is now convenient to 
take as our model of the closure of a strip region Ri , a closed disc Di , 
whose boundary contains (say) p(i) rest points (cf. Fig. 7). By Lemma 3, 
(cl(R,), 4) is the image of Di under a mapping which is an equivalence, 
except that pairs of line separatrices and (possibly larger) sets of critical 
point separatrices of aD, , might be identified. The Di therefore provide a 
cellular subdivision of M. If 01~ (i = 0, 1, 2) denotes the number of i-cells 
of this subdivision, then 
aa = 70 + 71 + 72 
a1 = & f p(i) 
i=l 
Now note that Di is a hyperbolic sector at p(i) - 2 of its vertices, a stable 
sector at one end and an unstable sector at one. Thus 
FIGURE 7 
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Hence, if x(M) denotes the Euler characteristic 
PO- A + A = XW) = % - a1 + 52 
= 70 + 71 + 7, + n - 4 i p(i) = r], - 71 + r], ; 
i=l 
that is 
71 - a = (70 - a> + (72 - 82). 
Since PO = pr = 1, the desired inequalities follow. If M is nonorientable 
then let (A?, 4) be the lift to the orientable 2-fold covering space. Let qi , fli 
be the analogs of 7i and Pi for (A?, 4). Then PO = 1 and fl, = 0 and 7ji = 2~ 
for i = 0, 1, 2. Thus since the inequalities hold for the lifted flow, and the 
rli are nonnegative integers we have r], > PO and Q > fir. Further since 
x(B) = 2x(M)we get: 
Therefore 
We next prove the PoincarC Index Theorem on closed 2-manifolds, for 
continuous flows with finitely many separatrices. We first need to define 
the index of critical points for such a flow (M, 4). Here, as in the preceding 
theorem, it is convenient to take a closed disc for the model of the closure 
of a canonical strip region, and similarly to take closed models for annular 
and spiral regions. (We may again neglect toral regions.) Let (Di, &) 
(i = l,..., n) be a model of the closure of the strip canonical region (Ri , &). 
It may happen that aR,+ contains a single rest point a; in this case we say 
Di is an elliptic sector at v (cf. Fig. 8). Suppose this happens for i = l,..., e. 
Let p(i) (i = l,..., n) denote the number of rest points in aD, . For i < e, 
Di is an elliptic sector at one vertex and a hyperbolic sector at p(i) - 1. 
FIGURE 8 
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For i 3 e + I there is one vertex in %Di at which Di is an unstable sector, 
one for which it is a stable sector, and p(i) - 2 for which it is hyperbolic 
(any combination of these may correspond to a single vertex of cl(&)). 
Similarly let A, ,..., A, be closed models of the annular and radial canonical 
regions. We may ‘suppose that for i = I,... , n, i’Ai+ consists of a single rest 
point, so that A, ,..., A, are discs, and that for i ; n + 1 both boundary 
components of A, contain nondegenerate separatrices (we ignore for the 
moment the case in which Ai is a 2-sphere). Let a(i) (z’ = I,..., m) denote 
the number of rest points in Ai. Then for i < d, Ai is a hyperbolic sector 
at a(i) - 1 vertices, and, for i > d + 1, a hyperbolic sector at a(i) vertices. 
We can now define the index of a critical point v E M. There may be 
several vertices in the Di and Ai which correspond to v; let C(V) be the 
number at which Di is an elliptic sector and T(V) denote the number at which 
Di (or Ai) is hyperbolic. Define 
1(v) = 1 - &q(V) + &E(V). 
This is essentially the definition of [5] (p. 220). It is easy to see that this 
extends the usual notion of the index to continuous flow. 
POINCARB INDEX THEOREM. If C$ is a continuous flow on the closed 2- 
manifold M with finitely many separatrices, then 
c 44 = XV) 
where the sum Yuns over all the critical points of + and x(M) denotes the Euler 
characteristic. 
Proof. First assume M orientable. We note that in the special cases in 
which (M, 4) consists of a single toral region, or contains a single spiral or 
annular region and exactly two rest points, the theorem is true. Otherwise 
let D, ,..., D, and A, ,..., A, be as above. 
We construct a cellular subdivision of M as follows. Note that it does not 
alter the result to insert a rest point into a nondegenerate orbit. Thus we 
may assume that each Ai (i > d + 1) h as at least two rest points in each 
boundary component and the same number in each. Subdivide Ai (i >, d + 1) 
into 2-cells by adding l-cells which span Ai connecting pairs of these. For 
i < d, add a single l-cell joining the rest point in the interior of Ai to one on 
the boundary (the latter possibly inserted, as above). If ai (i = 0, 1,2) 
denotes the number of i-cells in the resulting subdivision, we have 
201, = i p(i) + i ($> + 1) + f wq, 
i=l i=l i=a+1 
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and 
23 = 2n + 2d + f v(i). 
i&+1 
The total number of elliptic sectors is e and the total number of hyperbolic 
sectors is 
h =I 2 (p(i)- 1) + i (/L(i) - 2) + i (v(i) - 1) + 2 v(i). 
i=l i=e+l i=l i=d+l 
Hence both 
2 C C(W) = 2or, - h + e 
= 2% + e - i p(i) f e + 2(n - e) - f v(i) + d, 
i=l i=l 
and 
2x(M) = 2(% - 4 + 4 
= 201~ - f p(i) - 2 v(i) + d + 2~2. 
i=l i=l 
In the nonorientable case the proof is immediate from consideration of the 
lifted flow (A?, 6) since both the Euler characteristic and the sum of the 
indices of the critical points get multiplied by 2 in going to (@, 6). 
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